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INVERTIBLE CARNOT GROUPS
DAVID M. FREEMAN
Abstract. We characterize Carnot groups admitting a 1-quasiconformal metric inversion as the
Lie groups of Heisenberg type whose Lie algebras satisfy the J2-condition, thus characterizing a
special case of inversion invariant bi-Lipschitz homogeneity. A more general characterization of
inversion invariant bi-Lipschitz homogeneity for certain non-fractal metric spaces is also provided.
1. Introduction
In [CDKR91, Theorem 5.1], the authors characterize the nilpotent components of Iwasawa de-
compositions of real rank one simple Lie groups by the fact that they are of Heisenberg type and
admit certain conformal inversions. The conformal inversions of [CDKR91, Theorem 5.1] generalize
the usual Mo¨bius inversions of Euclidean space. Both of these notions of inversion are generalized
in turn by the concept of metric inversion as studied in [BHX08]. In the present paper, we study
Carnot groups that admit such metric inversions.
The Carnot groups of [CDKR91] are equipped with a left-invariant gauge distance that is bi-
Lipschitz equivalent to a left-invariant sub-Riemannian (or more generally, sub-Finsler) distance.
The study of such left-invariant distances can be generalized by the study of metric spaces that
admit a transitive family of uniformly bi-Lipschitz self-homeomorphisms. These spaces are said to
be uniformly bi-Lipschitz homogeneous.
The concepts of metric inversion and bi-Lipschitz homogeneity are combined in the notion of
inversion invariant bi-Lipschitz homogeneity as studied in [Fre12] and [Fre13]. In particular, [Fre13,
Theorem 2.4] demonstrates that certain inversion invariant bi-Lipschitz homogeneous geodesic spaces
are bi-Lipschitz equivalent to Carnot groups (cf. [LD11a], [LD11b]). However, [Fre13, Theorem 2.4]
does not provide a characterization of Carnot groups via inversion invariant bi-Lipschitz homogeneity.
Indeed, in light of [CDKR91, Theorem 5.1], the invertibility of a Carnot group appears to be a very
restrictive condition. The following theorem identifies the Carnot groups admitting a metric inversion
under the additional assumption that the inversion is 1-quasiconformal (see Section 2 and Section 3
for relevant definitions).
Theorem 1.1. Suppose G is a sub-Riemannian Carnot group. The group G admits a 1-quasiconformal
metric inversion if and only if it is isomorphic to a generalized Heisenberg group.
While the assumption of 1-quasiconformality is strong it is not altogether unnatural. Indeed, the
inversions of [CDKR91, Theorem 5.1] are 1-quasiconformal. Furthermore, Theorem 1.1 illustrates
a special case of the characterization of conformal maps on Carnot groups recently provided by
[CO15, Theorem 4.1]. One should note, however, that the methods used to prove Theorem 1.1 are
somewhat different from those implemented in [CO15].
In general, metric inversions are K-quasiconformal, with 1 ≤ K < +∞ (see Section 2). One
can obtain an analogue of Theorem 1.1 for general metric inversions if more information is assumed
about the Carnot groups in question. In particular, the following fact is contained in recent work of
Xiangdong Xie (see [Xie13a], [Xie13b], and [Xie15] for relevant definitions and results).
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Fact 1.2. Suppose G is a non-rigid sub-Riemannian Carnot group. If G is not contained in one of
the following three classes of groups, then it does not admit a metric inversion:
(1) Euclidean groups
(2) Heisenberg product groups
(3) Complex Heisenberg product groups
Let G be a non-rigid Carnot group that is not contained in one of the three classes listed above.
Let Gˆ denote a metric sphericalization of G (see Section 2). If follows from the aforementioned work
of Xie that any quasiconformal self-homeomorphism f : Gˆ→ Gˆ must permute left cosets of certain
proper subgroups of G, and therefore must fix the point at infinity. Fact 1.2 then follows from the
observation that metric inversions do not fix the point at infinity.
While Theorem 1.1 falls within the general study of inversion invariant bi-Lipschitz homogeneity,
it exhibits a special case of this property in the particular setting of Carnot groups. Note that
(non-abelian) Carnot groups are fractal in the sense that their topological and Hausdorff dimensions
do not agree. When we restrict ourselves to non-fractal metric spaces, we can use recent work of
Kinneburg (see [Kin15]) to obtain the following result.
Theorem 1.3. Suppose X is a proper and connected metric space whose Hausdorff and topological
dimensions are both equal to n ∈ N. The space X is inversion invariant bi-Lipschitz homogeneous
if and only if it is bi-Lipschitz equivalent to Rn (when X is unbounded) or Sn (when X is bounded).
In fact, an analogue of Theorem 1.3 holds when the Hausdorff dimension of X is strictly larger
than its topological dimension, but this requires additional assumptions about the one-dimensional
metric structure of X (cf. [Kin15, Theorem 1.5]).
Acknowledgments. The proof of Theorem 1.1 was inspired by observations made in [BS13, Section
6.3] about the Tits classification of 2-transitive group actions. The author is grateful to Xiangdong
Xie for many helpful discussions during the preparation of this paper, and for the helpful suggestions
of the anonymous referees.
In this revised version of the paper, we replace Lemma 4.3 (in the indexing of the previous version)
with a clarified proof of Theorem 1.1.
2. Notation and Definitions
Given two numbers A and B, we write A ≃C B to indicate that C
−1A ≤ B ≤ CA, where C is
independent of A and B. When the quantity C is understood or irrelevant, we simply write A ≃ B.
Given a metric space (X, d), r > 0, and x ∈ X we write B(x; r) := {y ∈ X : d(x, y) < r} to
denote an open ball in X centered at x of radius r. A metric space X is said to be proper if the
closures of open balls in X are compact.
Given 1 ≤ L < +∞, an embedding f : X → Y is L-bi-Lipschitz provided that for all points
x, y ∈ X we have dY (f(x), f(y)) ≃L dX(x, y). Two spaces X and Y are L-bi-Lipschitz equivalent if
there exists an L-bi-Lipschitz homeomorphism between the two spaces. A space X is bi-Lipschitz
homogeneous if there exists a collection F of bi-Lipschitz self-homeomorphisms of X such that, for
every pair x, y ∈ X , there exists f ∈ F with f(x) = y. When every map in F is L-bi-Lipschitz we say
that X is L-bi-Lipschitz homogeneous, or uniformly bi-Lipschitz homogeneous when the particular
distortion bound is not important.
An embedding f : X → Y is θ-quasimo¨bius if θ : [0,+∞) → [0,+∞) is a homeomorphism and,
for all quadruples x, y, z, w of distinct points in X , we have
d(f(x), f(y))d(f(z), f(w))
d(f(x), f(z))d(f(y), f(w))
≤ θ
(
d(x, y)d(z, w)
d(x, z)d(y, w)
)
.
When there exists a constant 1 ≤ C < +∞ such that θ(t) = Ct, we say that f is strongly quasimo¨bius.
See [Kin15] for a detailed study of such mappings.
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An embedding f : X → Y is metrically K-quasiconformal if 1 ≤ K < +∞ and, for all x ∈ X ,
lim sup
r→0
sup{d(f(x), f(y)) : d(x, y) ≤ r}
inf{d(f(x), f(z)) : d(x, z) ≥ r}
≤ K.
In the present paper, since no other definition of quasiconformality is used, we drop the qualifier
‘metrically,’ and simply refer to K-quasiconformal mappings.
Given an unbounded metric space (X, d) and a point p ∈ X , we define Xˆ := X ∪ {∞} and
Xp := X \ {p}. We say that a homeomorphism ϕ : Xp → Xp is an L-metric inversion provided that
there exists a constant 1 ≤ L < +∞ such that for any x, y ∈ Xp,
d(ϕ(x), ϕ(y)) ≃L
d(x, y)
d(x, p)d(y, p)
.
We extend ϕ to Xˆ by the definitions ϕ(∞) := p and ϕ(p) :=∞. We say that (X, d) admits a metric
inversion provided that there exists a point p ∈ X such that an L-metric inversion exists on Xp.
We note that the inversions of [CDKR91, Theorem 4.2] are 1-metric inversions. In general, while
L-metric inversions are L2-quasiconformal, they need not be 1-quasiconformal.
The definition of metric inversion given above is closely related to the metric inversion described
in [BHX08]. In [BHX08], the authors construct a distance dp on Xˆp such that, for any x, y ∈ Xp,
1
4
·
d(x, y)
d(x, p)d(y, p)
≤ dp(x, y) ≤
d(x, y)
d(x, p)d(y, p)
,
with obvious analogues when x or y is equal to ∞. They also prove that the identity map from
(Xp, d) to (Xp, dp) is 16t-quasimo¨bius ([BHX08, Lemma 3.1]) and 1-quasiconformal at non-isolated
points ([BHX08, Proposition 4.1]). While the [BHX08] definition of metric inversion is valid for both
bounded and unbounded spaces, if X is an unbounded space admitting an L-metric inversion ϕ at
p, then ϕ : (Xp, dp)→ (Xp, d) is a 4L-bi-Lipschitz homeomorphism.
A related concept is that of metric sphericalization. Again following [BHX08], the metric spheri-
calization of an unbounded metric space (X, d) at some basepoint p ∈ X is denoted by (Xˆ, dˆp). Here
dˆp is a distance such that, for any x, y ∈ Xˆ,
(2.1)
1
4
·
d(x, y)
(1 + d(x, p))(1 + d(y, p))
≤ dˆp(x, y) ≤
d(x, y)
(1 + d(x, p))(1 + d(y, p))
.
As with metric inversion (see [BHX08, Section 3.B]), the identity map from (X, d) to (Xˆ, dˆp) is
16t-quasimo¨bius and 1-quasiconformal at non-isolated points.
Following [Fre12] and [Fre13], a metric space (X, d) is inversion invariant bi-Lipschitz homoge-
neous provided that both (X, d) and (Xˆp, dp) are uniformly bi-Lipschitz homogeneous. This defi-
nition is independent of p ∈ X , up to a quantitative change in parameters. One can verify that,
when (X, d) is unbounded, this definition is equivalent to the statement that (X, d) is bi-Lipschitz
homogeneous and (X, d) admits a metric inversion.
Inversion invariant bi-Lipschitz homogeneous metric spaces are often Ahlfors Q-regular (see
[Fre12, Theorem 1.1]). Given 0 < Q < +∞, a metric space (X, d) with Borel measure µ is Ahlfors
Q-regular provided that there exists a constant 1 ≤ C < +∞ such that µ(B(x; r)) ≃C r
Q for every
x ∈ X and 0 < r ≤ diam(X).
Carnot groups are examples of Ahlfors Q-regular metric spaces. A Carnot group G of step
n ∈ N is a connected, simply connected, nilpotent Lie group with stratified Lie algebra Lie(G) =
V1 ⊕ V2 ⊕ · · · ⊕ Vn. The layers Vi are such that, for 1 ≤ j ≤ n− 1, we have [Vj , V1] = Vj+1. Here
[X,Y ] = XY − Y X denotes the Lie bracket. We require Vn 6= {0}, and that for each 1 ≤ j ≤ n
we have [Vj , Vn] = {0}. We refer to V1 as the horizontal layer of Lie(G). By left-translation V1 is
extended to a (left-invariant) distribution ∆ on G, referred to as the horizontal distribution.
When ∆ is equipped with a left-invariant norm | · |, we define the associated sub-Finsler distance
dSF on G as follows. Let γ : [0, 1]→ G be an absolutely continuous path. The path γ is horizontal
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provided that for almost every t ∈ [0, 1] we have γ˙(t) ∈ ∆. The dSF length of a horizontal path γ is
ℓSF (γ) :=
∫ 1
0 |γ˙(t)|dt. We then define
dSF (x, y) := inf{ℓSF (γ) : γ a horizontal path such that γ(0) = x, γ(1) = y}.
By well known results of Chow and Rashevskii, dSF defines a geodesic distance on G. Thus a sub-
Finsler Carnot group is a Carnot group equipped with a distance dSF . When the norm on ∆ is
derived from an inner product, we obtain a sub-Riemannian distance on G, denoted by dSR.
Since the norm on ∆ is left-invariant, for any element g ∈ G, the left translation ℓg(x) := gx is an
isometry of (G, dSF ). Sub-Finsler distance is also homogeneous with respect to canonical dilations.
For an element x ∈ G, let X := log(x) =
∑n
i=1Xi, where Xi ∈ Vi. For any t > 0, define the
canonical dilation δt : (G, dSF ) → (G, dSF ) as δt(x) = exp
(∑n
i=1 t
iXi
)
. For points x, y ∈ G, we
have dSF (δt(x), δt(y)) = t dSF (x, y).
3. Generalized Heisenberg Groups
Let n denote a Lie algebra endowed with an inner product 〈·, ·〉 and accompanying norm | · |.
Suppose that n is either abelian or stratified of step two. In the step two case, this means that
there exist non-trivial complementary orthogonal subspaces v and z such that [v, v] = z and [v, z] =
{0} = [z, z]. For X,Y ∈ v and Z ∈ z, let the map J : z → End(v) be defined via the formula
〈JZX,Y 〉 = 〈Z, [X,Y ]〉. The algebra n is of Heisenberg type provided that, for all X ∈ v and Z ∈ z,
we have |JZX | = |Z||X |. Equivalently, J
2
Z = −|Z|
2I, where I denotes the identity map. Various
properties of the map J are documented in [CDKR98, Section 2(a)]. A simply connected Lie group
is said to be of Heisenberg type if its Lie algebra is of Heisenberg type.
Given a Lie algebra n of Heisenberg type, we say that n satisfies the J2-condition provided that,
for any X ∈ v and any two orthogonal elements Z,Z ′ ∈ z, there exists some element Z ′′ ∈ z such
that JZJZ′X = JZ′′X . Note that if dim(z) ∈ {0, 1}, this condition is vacuously satisfied.
We say that a Carnot group is a generalized Heisenberg group if it is a Heisenberg group over K,
where (here and in the sequel) K denotes either the real numbers R, complex numbers C, quaternions
H, or octonians O. These groups are defined as follows:
• The Heisenberg group over R, or the real Heisenberg group HR, is R
n.
• The Heisenberg group over C, or the complex Heisenberg group HC, is the Carnot group with
step two real Lie algebra n = v⊕ z, where v := Span{Xi, Yi : 1 ≤ i ≤ n} and z := Span{Z}.
Equip n with an inner product such that {Xi, Yi, Z : 1 ≤ i ≤ n} is an orthonormal basis.
The only non-trivial bracket relations are [Xi, Yi] = Z, for 1 ≤ i ≤ n.
• The Heisenberg group over H, or the quaternionic Heisenberg group HH, is the Carnot group
with step two real Lie algebra n = v ⊕ z, where v = Span{Xi, Yi, Vi,Wi : 1 ≤ i ≤ n} and
z = Span{Zk : 1 ≤ k ≤ 3}. Equip n with an inner product such that {Xi, Yi, Vi,Wi, Zk :
1 ≤ i ≤ n, 1 ≤ k ≤ 3} is an orthonormal basis. For 1 ≤ i ≤ n, the only nontrivial bracket
relations are [Xi, Yi] = Z1 = [Vi,Wi], [Xi, Vi] = Z2 = [Wi, Yi], and [Xi,Wi] = Z3 = [Yi, Vi].
• The Heisenberg group over O, or the octonionic Heisenberg group HO, is the Carnot group
with step two real Lie algebra n = v⊕ z, where v = Span{Xi : 0 ≤ i ≤ 7} and z = Span{Zk :
1 ≤ k ≤ 7}. Equip n with an inner product such that {Xi, Zk : 0 ≤ i ≤ 7, 1 ≤ k ≤ 7} is an
orthonormal basis. The only nontrivial bracket relations are [X0, Xk] = Zk for 1 ≤ k ≤ 7
and [Xi, Xj ] = εijkZk, for 1 ≤ i, j, k ≤ 7. Here ε is a completely antisymmetric tensor whose
value is +1 when ijk = 124, 137, 156, 235, 267, 346, 457.
Via exponential coordinates, parameterizations of the groups HK can be obtained as follows:
• When K = R, the abelian group HK is equal to R
n.
• When K = C, for each 1 ≤ i ≤ n, identify xiXi + yiYi with xie0 + yie1 ∈ C. Here {e0, e1}
is the canonical basis over R for C. Thus Span{Xi, Yi : 1 ≤ i ≤ n} is identified with C
n.
Identify zZ with ze1 ∈ ℑ(C).
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• When K = H, for each 1 ≤ i ≤ n, identify xiXi+yiYi+viVi+wiWi with xie0+yie1+vie2+
wie3. Here {ei}
3
i=0 is the canonical basis over R for H. Thus Span{Xi, Yi, Vi,Wi : 1 ≤ i ≤ n}
is identified with Hn. For each 1 ≤ k ≤ 3, identify zkZk with zkek ∈ ℑ(H).
• When K = O, identify
∑7
i=0 xiXi with
∑7
i=0 xiei and
∑7
k=1 zkZk with
∑7
k=1 zkek. Here
{ei}
7
i=0 is the canonical basis over R for O. Thus Span{Xi : 0 ≤ i ≤ 7} is identified with O
and Span{Zk : 1 ≤ k ≤ 7} is identified with ℑ(O).
Extending the above identifications by linearity allows us to parameterizeHK byK
n⊕ℑ(K). When
K = R we have ℑ(K) = {0}, and when K = O we have n = 1. Let (x, z) = (
∑n
i=1 xi, z) denote a point
in HK = K
n⊕ℑ(K). Via the Baker-Campbell-Hausdorff formula, for points (x, z), (x′, z′) ∈ HK, the
group law reads as
(x, z)(x′, z′) =
(
x+ x′, z + z′ −
1
2
n∑
i=1
ℑ(xixi
′)
)
.
Let m = dim (ℑ(K)), so that m ∈ {0, 1, 3, 7}. Given a canonical basis element ek ∈ ℑ(K), we
define a map Lk ∈ End(K
n) such that, for x ∈ Kn, Lk(x) = ekx =
∑n
i=0 ekxi. In other words,
Lk denotes left multiplication in K
n by ek. Passing through the above parameterization of HK and
extending by linearity, this gives rise to a map J : z→ End(v) such that, for any X,Y ∈ v and Z ∈ z,
we have 〈JZX,Y 〉 = 〈[X,Y ], Z〉. Furthermore, it is straightforward to verify that, for any Z ∈ z, the
map JZ : v → v satisfies J
2
Z = −|Z|
2I. For two orthogonal elements Z,Z ′ ∈ z, there exists Z ′′ ∈ z
such that JZJZ′ = JZ′′ . When K = H, this last observation follows from the associativity of left
multiplication. In the case that K = O, this follows from the fact that dim(z) = dim(v) − 1. Thus
we verify that generalized Heisenberg groups are of Heisenberg type and satisfy the J2-condition.
For any Lie algebra n and corresponding simply connected Lie group N of Heisenberg type, one
may construct the Lie algebra s := n ⊕ a, where a is a one-dimensional Lie algebra with inner
product. Let a be spanned by the unit vector H . The Lie bracket on s is determined by the
requirements that [H,X ] = 12X and [H,Z] = Z for any X ∈ v and any Z ∈ z. We extend the
inner products on n and a to s by requiring that n is orthogonal to a. Proceeding as in [CDKR98,
Section 3(a)], one obtains the group S := exp(s) as a semidirect product NA, where A := exp(a). If
we parameterize S via v × z × R+ by identifying (X,Z, t) with exp(X + Z) exp(log(t)H) ∈ S, then
an element at = (0, 0, t) ∈ A ⊂ S acts on n = (X,Z, 1) ∈ N ⊂ S by at(n) = (t
1/2X, tZ, t). By
translating the inner product on s, we obtain a left invariant distance on S.
One can then proceed to construct the Siegel-type domain
D :=
{
(X,Z, t) : t−
|X |2
4
> 0
}
⊂ v⊕ z⊕ a.
The domain D can be explicitly identified with S. When the left-invariant distance on S is pulled
back toD via this identification, S possesses a simply transitive action onD by affine transformations
(see [CDKR98, Section 3(b)]). The group N can be identified with the set
∂D =
{(
X,Z,
|X |2
4
)}
⊂ v⊕ z⊕ a.
Given n = (x, z) = exp(X + Z) ∈ N , write
(3.1) ‖n‖ :=
(
|X |4
16
+ |Z|2
)1/4
The function dN (n, n
′) := ‖n′−1n‖ defines a distance on N that is invariant under left multiplication.
Furthemore, the action of A extends to ∂D such that for any n, n′ ∈ N and at ∈ A, we have
dN (at(n), at(n
′)) = t1/2dN (n, n
′).
When N = HK, the geometry of D is identified by the following result ([CDKR91], [CDKR98],
[BTV95, Theorem 4.1.9.A]).
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Fact 3.1. Suppose that D is the Siegel-type domain associated to a Lie algebra n = v⊕z of Heisenberg
type. Let m := dim(z). The algebra n satisfies the J2-condition if and only if
(m = 0) the space D is isometric to real hyperbolic space.
(m = 1) the space D is isometric to complex hyperbolic space.
(m = 3) the space D is isometric to quaternionic hyperbolic space.
(m = 7) the space D is isometric to octonionic hyperbolic space.
In particular, n satisfies the J2-condition if and only if exp(n) is isomorphic to HK.
Assume N = HK, and let GK denote the isometry group of D. Then HKAK is an Iwasawa
decomposition of GK, where K is the stabilizer of (0, 0, 1) ∈ D and A is as above. Writing M
to denote the centralizer of A in K, [CDKR98, Theorem 7.4] provides the Bruhat decomposition
GK = (HKAM) ∪ (HKσHKAM). Here σ is the geodesic inversion of D described in [CDKR98,
Section 3(c)].
Via an appropriate Cayley transformation C, the domain D can be identified with the unit
ball B ⊂ v ⊕ z ⊕ a. This Cayley transformation C : D → B can be continuously extended to
a homeomorphism between the one point compactification of D ∪ ∂D and the closed unit ball B,
where C(0, 0, 0) = (0, 0, 1) and C(∞) = (0, 0,−1). Via this identification, the action of GK can be
continuously extended to B. The stabilizer of (0, 0,−1) ∈ ∂B is HKAM (see the proof of [CDKR98,
Theorem 7.4]). The stabilizer of both (0, 0, 1) and (0, 0,−1) is AM . In this way we can view GK
as a group acting on HˆK = ∂B. The subgroup HKAM fixes the point at infinity ∞ ∈ HˆK, and the
subgroup AM fixes both the identity element e ∈ HK and ∞ ∈ HˆK.
4. Preliminary Facts and Lemmas
The following fact is a special case of [Kra03, Theorem 3.3].
Fact 4.1. Let G denote a group acting effectively and 2-transitively on a topological sphere. If G is
locally compact and σ-compact, then the identity component of G is a simple Lie group isomorphic
to either GK (when K = C, H, or O) or to an index two subgroup of GK (when K = R).
The following technical lemma will allow us to apply Fact 4.1 to prove Theorem 1.1.
Lemma 4.2. Suppose X is a compact metric space and G ⊂ C(X,X) is a group of uniformly
quasimo¨bius self-homeomorphisms. The closure of G is locally compact and σ-compact in the topology
of uniform convergence.
Proof. Let X3 denote the space of ordered triples from X endowed with the product distance.
Since X is compact, X3 is separable. Let {Ti} denote a countable dense subset of X
3, where
Ti = (xi, yi, zi). Given Ti, Tj , and ε > 0, define
Bi,j(ε) := {g ∈ G : g(Ti) ⊂ N(Tj ; ε)},
where, for E ⊂ X and r > 0, N(E; r) := {x ∈ X : dist(x,E) < r}. The sets Bi,j(ε) are open
in the compact-open topology (and hence in the uniform convergence topology). Furthermore, for
fixed i, j there exists εi,j > 0 such that the set Bi,j(εi,j) is equicontinuous (see [Va¨i85, Theorem
2.1]). In fact, one can take εi,j := sep(Tj)/4, where sep(Tj) denotes the minimal distance between
distinct pairs in Tj. Therefore, by Arzela-Ascoli, Bi,j(εi,j) has compact closure. One can check that
G ⊂ ∪i,jBi,j(εi,j), and so we conclude that the closure of G is locally compact. Since the collection
{Bi,j(εi,j)} is countable, the closure of G is σ-compact. 
5. Proofs of Theorem 1.1 and Theorem 1.3
Proof of Theorem 1.1. For use below, we begin by confirming that the composition of (metrically) 1-
quasiconformal maps between open sets of a sub-Riemannian Carnot group remains 1-quasiconformal.
To this end, let f1 : Ω1 → Ω2 and f2 : Ω2 → Ω3 denote 1-quasiconformal homeomorphisms between
open sets of a Carnot group G. By [CC06, Corollary 7.1], both f1 and f2 are smooth and Pansu
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differentiable everywhere in their domains. Furthermore, the Lie derivatives of their Pansu differ-
entials are similarities at every point in their domains (when restricted to the horizontal layer).
By [CC06, Lemma 3.7], these properties are invariant under compositions. Therefore, (again using
[CC06, Corollary 7.1]) we conclude that f2 ◦ f1 : Ω1 → Ω3 remains 1-quasiconformal.
In order to proceed with the proof, we invoke the assumption that, for some p ∈ G, there
exists a 1-quasiconformal L-metric inversion ϕ : (Gp, dSR) → (Gp, dSR). For any x ∈ G, write
ϕx := ℓxp−1 ◦ ϕ ◦ ℓ
−1
xp−1 . Since left translations are isometries, the map ϕx : (Gx, dSR) → (Gx, dSR)
is a 1-quasiconformal L-metric inversion such that ϕx(x) =∞ and ϕx(∞) = x.
Let {x, x′, y, y′} denote a quadruple of points in Gˆ such that x′ = y′ if and only if x = y. We
consider the two possible cases for such a quadruple:
• Assume that x 6= y (and so x′ 6= y′). If all points are finite, define the map g := ϕx′ ◦ℓz ◦ϕx :
Gˆ→ Gˆ, where z := ϕ−1x′ (y
′)ϕx(y)
−1 ∈ G. If x =∞ and/or x′ =∞, then replace ϕx and/or
ϕx′ , respectively, with the identity map id : Gˆ→ Gˆ.
• Assume that x = y (and so x′ = y′). If both points x and x′ are finite, then replace ϕx
and ϕx′ with the identity map on G. If x and/or x
′ is the point at infinity, then replace ϕx
and/or ϕx′ , respectively, with the identity map and replace ℓz with the identity map.
In either case we have g(x) = x′ and g(y) = y′. Let G∗ denote the group generated by finite
compositions of the maps g as constructed above. By construction, G∗ acts two-transitively on
Gˆ. For each h ∈ G∗, if h fixes the point at infinity, then by the initial paragraph of the proof,
h : (G, dSR) → (G, dSR) is 1-quasiconformal away from at most a finite set. In the case that
h(∞) 6=∞ we obtain the same conclusion for h : (G \ h−1(∞), dSR)→ (G \ h(∞), dSR).
Fix h ∈ G∗. If h(∞) 6= ∞, then define h∞ := ϕh(∞) ◦ h. If h(∞) = ∞, then define h∞ := h.
In either case, the map h∞ : (G, dSR) → (G, dSR) is a homeomorphism, and (as noted in the
preceding paragraph) h∞ is 1-quasiconformal away from a finite set. By [BKR07, Theorem 5.2],
h∞ : (G, dSR) → (G, dSR) is weakly H-quasisymmetric (in the sense of [Va¨i89]), where H depends
only on G. Therefore, by [Va¨i89, Theorem 2.9], we conclude that h∞ : (G, dSR) → (G, dSR) is
η-quasisymmetric, with η depending only on G. By [Va¨i85, Theorem 3.2], h∞ : (G, dSR)→ (G, dSR)
is also θ′′-quasimobius, with θ′′ depending only on G. By [BHX08, Section 3.B], the identity map
between (G, dSR) and the sphericalized space (G, dˆSR) is 16t-quasimo¨bius. It then follows that
h∞ : (Gˆ, dˆSR)→ (Gˆ, dˆSR) is θ
′-quasimo¨bius, with θ′ determined solely by θ′′. Since h∞ = ϕh(∞) ◦h,
and ϕh(∞) : (Gˆ, dˆSR) → (Gˆ, dˆSR) is a 256L
4t-quasimo¨bius homeomorphism, it follows that h :
(Gˆ, dˆSR)→ (Gˆ, dˆSR) is θ-quasimo¨bius, where θ is determined solely by L and G. In conclusion, the
group G∗ consists of uniformly quasimo¨bius self-homeomorphisms of (Gˆ, dˆSR).
Note that canonical dilations of G were not included in the generating set for G∗. However, if
Γ denotes the group of canonical dilations of G, then the closure of 〈G∗,Γ〉 is isomorphic to G. In
particular, we may assume that Γ ⊂ G. This follows from Lemma 4.2 and [Kra03, Theorem 3.3]
because both 〈G∗,Γ〉 and G∗ act effectively and 2-transitively on (Gˆ, dˆSR) by uniformly quasimo¨bius
homeomorphisms.
Given a topological group H , let H◦ denote the identity component. Via Fact 4.1 we conclude
that G◦ is isomorphic to one of G◦
R
, GC, GH, or GO. In short, G
◦ is isomorphic to G◦
K
. More
precisely (see [Kra03, Theorem 3.3 and Proposition 7.1]), there exists an isomorphism ψ : G◦ → G◦
K
and a homeomorphism F : (Gˆ, dˆSR) → (HˆK, dˆH) such that, for any g ∈ G
◦ and x ∈ Gˆ, we have
F (g(x)) = ψ(g)(F (x)). Here dH is defined by (3.1), and dˆH denotes the sphericalized distance (̂dH)e.
Since G◦
K
acts two-transitively on (HˆK, dˆH), we may assume F (e) = e and F (∞) =∞.
Given t > 0, the map ψ(δt) ∈ G
◦
K
fixes the set {e,∞}. Therefore, ψ(δt) ∈ AM . It follows
that there exists as(t) ∈ A and mt ∈ M such that ψ(δt) = as(t)mt. Here s : R+ → R+ is a
function such that, for any s, r ∈ R+, we have s(rt) = s(r)s(t). Since, for any x ∈ G, we have
F (δr(x)) = ψ(δr)(F (x)), it also follows that limt→+∞ s(t) = +∞. Since A commutes with M , we
note that ψ(δ−1t ) = a1/s(t)m
−1
t .
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Given g ∈ G, the map ψ(ℓg) fixes the point at infinity in HˆK. Therefore, ψ(ℓg) ∈ HKAM , and
there exist h ∈ HK, ar ∈ A, and m ∈M such that ψ(ℓg) = ℓharm. Combining this with the previous
paragraph, we have ψ(δ−1t ℓgδt) = a1/s(t)m
−1
t ℓharmas(t)mt. We then observe that
a1/s(t)m
−1
t ℓharmas(t)mt = ar/s(t)m
−1
t ℓ[a1/r(h)]as(t)mmt
= arm
−1
t ℓ[a1/(rs(t))(h)]mmt
Since M is compact and a1/(rs(t))(h) → e ∈ HK as t → +∞, there exists m
′ ∈ M such that, up
to a subsequence,
arm
−1
t ℓ[a1/(rs(t))(h)]mmt → arm
′−1mm′
as t→ +∞. Here the convergence is uniform on compact subsets of HK. On the other hand, the map
δ−1t ℓgδt = ℓ[δ−1t (g)]
is locally uniformly convergent to the identity map of G. Since ψ : G◦ → G◦
K
is an
isomorphism and both groups act effectively, arm
′−1mm′ = id as a map of (HK, dH). Via the Bruhat
decomposition, this implies that ar = id and m
′−1mm′ = id, and so m = id. Therefore, ψ(ℓg) = ℓh.
Since G acts simply transitively on itself by left translations, we conclude that ψ(G) = HK.
In order to prove the reverse implication, suppose G is a generalized Heisenberg group equipped
with a sub-Riemannian distance. Due to the comparability of the sub-Riemannian distance with the
distance given by (3.1), by [CDKR91, Theorem 4.2], the map σ satisfies the definition of a metric
inversion and is quasiconformal on Ge. By (the proof of) [CDKR91, Theorem 5.1] the Riemannian
differential of σ, when restricted to the horizontal distribution, is the composition of a dilation and
an isometry at every point in Ge. It then follows from [CC06, Lemma 3.4 and Corollary 7.2] that
the map σ is 1-quasiconformal on Ge. 
The above proof can be compared with the methods appearing in [BS13]. In [BS13], the ideal
boundaries of rank one symmetric spaces are characterized via the notion of space inversions. Such
inversions are Mo¨bius involutions that satisfy several additional properties related to the Mo¨bius
structure of a metric space. While metric inversions on a bi-Lipschitz homogeneous space can be used
to construct analogues to space inversions, such constructions need not possess all the properties
required to apply the innovative techniques behind the proof of [BS13, Theorem 1.1].
Proof of Theorem 1.3. This result is obtained by combining results from [BK02], [Kin15], and [Fre13].
We first consider the case that (X, d) is unbounded. Suppose (X, d) is inversion invariant bi-Lipschitz
homogeneous with respect to a collection of uniformly L-bi-Lipschitz self-homeomorphisms F and
an L-metric inversion ϕ based at some point p ∈ X . It follows from [Fre13, Theorem 2.7] that (X, d)
is doubling. Therefore, by [Fre12, Theorem 1.1], (X, d) is Ahlfors n-regular. As noted in [Fre12, Fact
4.1], for any point q ∈ X , the sphericalized space (Xˆ, dˆq) is also Ahlfors n-regular, with regularity
constant depending only on the doubling and homogeneity constants for (X, d).
Fix q ∈ X and set δ := (16L3M(1 +M))−1, where 1 ≤ M < +∞ is the quasi-self-similarity
constant given by [Fre13, Theorem 2.7]. Note that M depends only on L. Let {x1, x2, x3} denote
a triple of distinct points in Xˆ. We claim that there exists a strongly quasimo¨bius homeomorphism
g : (Xˆ, dˆq)→ (Xˆ, dˆq) such that, for i 6= j, we have dˆq(g(xi), g(xj)) ≥ δ. When x1 6= ∞, there exists
f ∈ F such that f(x1) = p. When x1 = ∞, set f := ϕ. In either case, ϕ ◦ f(x1) = ∞ and we
define y := ϕ ◦ f(x2), z := ϕ ◦ f(x3). Consider the sphericalized space (Xˆ, dˆy). By [Fre13, Theorem
2.7], there exists a map h : (X, d) → (X, d) such that h(y) = y and, for all u, v ∈ X , we have
d(h(u), h(v)) ≃M C d(u, v), where C := d(y, z)
−1. It follows from (2.1) that
dˆy(h(y), h(z)) ≥
1
4
·
d(h(y), h(z))
1 + d(h(y), h(z))
≥
1
4M
·
C d(y, z)
1 +MC d(y, z)
=
1
4M(1 +M)
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We also find that
dˆy(h(∞), h(z)) = dˆy(∞, h(z)) ≥
1
4
·
1
1 + d(h(y), h(z))
≥
1
4
·
1
1 +MC d(y, z)
=
1
4(1 +M)
.
Finally, we note that dˆy(y,∞) ≥ 1/4. Therefore, h ◦ ϕ ◦ f maps {x1, x2, x3} to a (4M(1 +M))
−1
separated triple in (Xˆ, dˆy). By [BHX08, Lemma 3.2], there exists a 4L
3-bi-Lipschitz homeomorphism
k : (Xˆ, dˆy)→ (Xˆ, dˆq). Therefore, for any triple of distinct points {x1, x2, x3} ⊂ (Xˆ, dˆq), there exists
a map of the form g = k ◦ h ◦ ϕ ◦ f such that g is a Kt-quasimo¨bius self-homeomorphism of (Xˆ, dˆq)
that maps {x1, x2, x3} to a δ-separated triple. Here K depends only on L.
By [Kin15, Theorem 5.1], we conclude that (Xˆ, dˆq) is strongly quasimo¨bius equivalent to S
n.
To justify this application of [Kin15, Theorem 5.1], note that this theorem follows from results in
[BK02, Section 5]. These results are proved under the assumption of a group action by uniformly
quasimo¨bius homeomorphisms. However, as stated at the beginning of [BK02, Section 5], these
results also hold under the weaker assumption that triples can be uniformly separated by uniformly
quasimo¨bius maps.
Since strongly quasimo¨bius maps between bounded spaces are bi-Lipschitz (see [Kin15, Remark
3.2]), we find that (Xˆ, dˆq) is bi-Lipschitz equivalent to S
n. Finally, by [BHX08, Lemma 3.2 and
Proposition 3.4], (X, d) is bi-Lipschitz equivalent to Rn.
To finish the proof, we consider the case that (X, d) is bounded. Given any point p ∈ X , the
space (Xp, dp) is unbounded and remains proper, connected, and inversion invariant bi-Lipschitz
homogeneous. To verify that (Xp, dp) remains inversion invariant bi-Lipschitz homogeneous, note
that the metric inversion of (Xp, dp) at any point q ∈ Xp is bi-Lipschitz equivalent to (Xq, dq) via
the identity map. We conclude as above that (Xp, dp) is bi-Lipschitz equivalent to R
n. By [BHX08,
Lemma 3.2 and Proposition 3.5], (X, d) is bi-Lipschitz equivalent to Sn. 
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